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Course Program — Linear Algebra

1. \ector spaces, vectors, and unit vectors (versors)

2. Types of matrices, operations on matrices, matrix rank

3. Determinants and their properties

4. Inverse matrix

5. Systems of linear equations — Cramer’s rule

6. Methods of solving systems of equations, Gaussian elimination method
7. Eigenvalues and eigenvectors

8. Generalized inverse matrix (optional / to be confirmed)




Rectangular and Square Matrices
Definition of a Matrix

Definition:
A matrix is any array of numbers arranged in rows and columns. If a matrix has m

rows and n columns, we say that it has dimension mxn and we write:

A =la;], i=12,....,m, j=12,...,n




Rectangular and Square Matrices
Column and Row Vectors of a Matrix

Definition:
A column vector of a matrix A of dimension mxn is any submatrix of dimension mx1.
Every matrix can be divided into n column vectors.

Ay Gy | Az |- |Gy,
a a a .| a
A _ 21 22 23 2n
_aml a‘m2 am3 a‘mn |

Definition:
A row vector of a matrix A of dimension mxn is any submatrix of dimension 1xn.
Every matrix can be divided into m row vectors.

a; &, &3 ... 4,
a a d e d
A _ 21 22 23 2n
_aml a‘m2 a‘m3 a‘mn a




Rectangular and Square Matrices
Zero Matrix and Square Matrix

Definition: 0 0 .. O
A zero matrix of dimension mxn is a matrix 00 .. 0
consisting entirely of zeros. A=0n =
That is, if A=0,,,,,,, then a;=0 for all i and j.
00 .. 0

Definition:

If the number of rows equals the number of
columns (m=n),then such an array of
numbers is called a square matrix. A =

The elements a,,, a,,.,..., a,, form the diagonal
of the matrix.




Rectangular and Square Matrices
Upper Triangular and Lower Triangular Matrices

Definition: ajp a8 .. 8gp
A square matrix such that a,=0 for i>j is 0 8z . @
called an upper triangular matrix. :
0 0 ann
‘ (a;; 0 ... O]
Definition:
ay ap .. 0

A square matrix such that a; =0 for i<j is
called a lower triangular matrix.




Rectangular and Square Matrices
Diagonal and Identity Matrices

Definition: a;; 0 .. 0
0 0
A square matrix such that a;;=0 for i is A2z
called a diagonal matrix. :
0 0 apn
Definition: _ o
Every diagonal matrix in which a;=1 is 01 . 0
called an identity matrix and is denoted | =
by lor I, o
00 .. 1




Rectangular and Square Matrices

Matrix Equality

Two matrices A and B of the same dimension mxn are said to be equal if and only if all
corresponding elements are equal, that is,

A=B & a;=b; foralli,j.

Addition of Matrices

Let A =[a;] and B = [b;] be matrices of dimension m>n. The sum of matrices A and B is the
matrix C=[c;], denoted C=A+B, whose elements are defined by:

Cij:aij+bij: 1=1,2,...,m, 3=1,2,...,n.




A+B=

A+B=|5 2 1 0|+

&, 8, .. a,| |b; b, .. by
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_|_ =
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Rectangular and Square Matrices
Addition of Matrices
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Rectangular and Square Matrices
Subtraction of Matrices

Subtraction of Matrices

Let A =[a;] and B = [b;] be matrices of dimension mxn. The difference of matrices
A and B is the matrix C=[c;], denoted C=A—B, whose elements are defined by:

cij = aij —bij, i=1,2,....m, j=12,...,n.




Rectangular and Square Matrices
Subtraction of Matrices
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Rectangular and Square Matrices
Multiplication of a Matrix by a Scalar

Multiplication of a Matrix by a Scalar

Let A = [a;] be a matrix of dimension mxn, and let ¢ be a real number (a scalar). The product of
the matrlx A by the scalar c is the matrix B = [b;], (denoted B = cA), whose elements are
defined by:

bij:ﬂ"ﬂij, i:1,2,...,m,j:1,2,...,n.

(1) 0 -2 4] [3 0 -6 12

cA£3)5 2 1 0[=(15 6 3 O
34 1 2| |[-9 12 3 6




.

Properties of Matrix Addition and Scalar Multiplication

Let A, B, C be matrices of the same dimension m x n,
and let ¢, d € R be real numbers.
The following properties hold:

1. Commutativity: 5. Distributivity (Matrix Addition):
A+B=B+A c(A + B) =cA + cB

2. Associativity: 6. Distributivity (Scalar Addition):
A+B)+C=A+(B+CQ) (c + d)A = cA + dA

3. Additive Identity: 7. Associativity (Scalars):
A+0=A (cd)A = c(dA)

4. Additive Inverse: 8. Multiplicative Identity:

A+(-A)=0 1-A = A




Rectangular and Square Matrices
Matrix Multiplication

Matrix Multiplication A- B=AB =C.:
The product A-B is defined only if the number of columns in A equals the number of rows in B.
Let A=[a;] be a matrix of dimension m x n and

B=[b;.] a matrix of dimension n x p.

The product of matrices A and B is a matrix C=[c; ] of dimension m x p, defined as:

n
C = AB, Cy = &by +a,by +...+3,0, = Zaijbjk
i1

Remarks:
* Matrix multiplication is not commutative, i.e. in general

AB # BA.

* However, for some special matrices (e.g. diagonal or scalar multiples of the identity), commutativity may

hold. )




Rectangular and Square Matrices
Matrix Multiplication — Example

AR 1] [[1.3+2:1  1.1+2:2 | 5

o -1 2 _Lo.3+(—1)-1 0-1+(-1)-2| |-1 -2

i -1
AB:.

1
2

3
0
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11-2+0-(-2)+(-D)-0 1-(-1)+0-1+(-1)-2 1-3+0-0+(-1)-5 1-1+0-2+(-1)-3
- 5.2+2-(-2)+3-0 5.(-1)+2-1+3-2 5-3+2-0+3-5 5-1+2-2+3-3

(2)-3 -2 -2
|6 3 30 18




Rectangular and Square Matrices
Matrix Transposition

Matrix Transposition

The transpose of a matrix A, denoted — AT is the matrix obtained by interchanging
the rows and columns of A.

(AT)ij = {Iﬁ, for all i,j.

. - 11 5 -3
Example: F1 0 —2 4b
| + 0] 2 4
A=5 2 1 0 A =
-2/ 1 1
-3 4 1 2
- - 4/ 0 2




Rectangular and Square Matrices
Properties of Matrix Operations

AB+C)=AB+AC (AB)C =A(BC)
(A+B)C=AC+BC Al =1,A=A
A(cB) =(cA)B =cAB Al = Omxp

(AT = A,
(A + B) = AT 1 BT,
(cA)! = cAT,
(AB)T = BTAT.




Square Matrices

Trace of a Matrix
TE Trace of a Matrix

The trace of a square matrix A, denoted tr(A), is the sum of the elements on its main diagonal:

tr(A) = Z dij.

i=1

m
): Zaii =djp tayp t...tapy
iI=1

(1 -2 1]
tr(A)=tr( 3\ 2 3)=1+2+3=6
BN




Square Matrices
Trace of a Matrix

tr(cA)=c-tr(A) tr(A+B)=tr(A)+tr(B) tr(A)=tr(AT)

1 -2 1 4 -8 4 1 -2 1 1 3 -1
tr(4A)=tr(4| 3 2 3)=tr(12 8 12 3 2 3)=6=tr(AT)=tr(-2 2 4)

-1 4 3 -4 16 12 -1 4 3 1 3 3

)=4-6=24 tr(A) = tr(

tr(A+B)=tr(A)+tr(B)=tr( 3 2 3)+tr(1 1 1)=6+3=9




Linearly Independent Vectors

Definition:

A family of vectors a,, a,, ..., 8, IS said to be linearly independent if the only solution
of the equation

cia; tcoas + - fa=20

IS

Note:

If the above equation also has a non-zero solution, then the vectors a,, a,, ..., a, are
linearly dependent.




Rectangular and Square Matrices
Rank of a Matrix and Non-Singular Matrices

Definition:

The rank of a matrix A is the maximum number of linearly independent
vectors(rows or columns) in the matrix. It is denoted by rank A orr,=rz A

Definition:
The rank of a matrix is equal to the highest order of any non-zero determinant of its

square submatrices (i.e. the highest order of its non-singular minor).
(see L. 3 and 4).

In practice, the rank of a matrix A is found by transforming it into its echelon form
using elementary operations.




Rectangular and Square Matrices
Echelon (Canonical) Form of a Matrix

The echelon form (or row-echelon form) of a matrix A is obtained by performing a
sequence of elementary transformations on the rows (and possibly columns) of A.

In echelon form:
« all zero rows, if any, appear at the bottom of the matrix,

* the leading non-zero entry in each non-zero row lies to the right
of the leading entry in the row above.

. R
A=| K — rzA =K
0 0

5 2 1 =2 1 0 0 O
-1 3 0 -3 01 00
A= 2 -1 -2 — 0 010 :{Ig‘ 8}:rzA=3
1 -3 0 3 0 0 0O
10 4 2 -4 0 0 0 0]

22




Elementary Transformations Used to Determine the Rank

1. Add to one row another row multiplied by a non-zero scalar:
W, — W, + CWj

2. Add to one column another column multiplied by a non-zero scalar:
KE‘ — KE‘ + CKj

3. Multiply a row by a non-zero scalar:
m — CWi

4. Multiply a column by a non-zero scalar:
Ki — CKI'

5. Interchange two rows:
m <> Wj

6. Interchange two columns:

Ki{—ﬁ-Kj

23




Rectangular and Square Matrices
Rank of a Matrix — Example

Example:

rzA=rz|-1 3 0 (=7

—rzA =3




Rectangular and Square Matrices
Linearly Independent Vectors

In R3
5 2 1
rzA=rzl-1 3 0 [=3
_O 2 -1

Since rank A = 3, both the column
vectors and the row vectors of matrix A
are linearly independent.

rank(A) =3 = c=c=c3=0

R
-1
0

+C,| 3

+ C3




Rectangular and Square Matrices
Echelon (Canonical) Form of a Matrix

Example:
1 2 3 -=3] (1 2 3 -3
-1 -3 5 3 W W +W, 0O -1 8 0 [|W;—>W;-3w,
rzA =rz = rz =
3 6 9 -9 3 6 9 -9
1 1 11 -3 1 1 11 -3]
(1 2 3 -3 (1 2 3 -3]
0O -1 8 0 |WirWa-W, O -1 8 0 |[WarW,-W,
=1rz = rz =
O 0 O O O 0O O O
1 1 11 -3 0 -1 8 0
(1 2 3 —3lk,ok,-2x, |1 0] 3 =3]
0 -1 8 0 |Ke=(DK, O 18 O I R
=rz — rz =1rz —=rzA =2
O 0 O O O 0[O0 O O O
0 0 0 O] 0 000 O

Ech_elon form of z; Matrix 26




Square Matrices

Symmetric Matrix :

A symmetric matrix is a square matrix A such that A=AT . That is, the
matrix remains unchanged when transposed.

~ATCATATT

Il
T O @
-~ O Q
O =—h o

Skew-Symmetric Matrix :

A skew-symmetric matrix (also called antisymmetric)is a square matrix A
satisfying the relation A=-AT

(0 d e
A=|-d 0 f|=-AT CA-AT=2? >
-e —f O

Remark:
For every skew-symmetric matrix, all elements on the main diagonal are equal to zero. 2




Square Matrices

Hilbert Matrix:
A Hilbert matrix is a symmetric square matrix A=[1/(i+})], where

1,j=1.2,....m
1 1 1 ]
1+1 1+2 1+3
A 1 1 1 _AT
2+1 2+2 2+3
1 1 1
| 3+1 3+2 3+3]

Commutative Matrices

Two square matrices A and B are said to be commutative if their product does not depend on
the order of multiplication, i.e.

AB = BA.




